A new useful version of the Fréchet model is introduced and studied. Some of its properties are derived. The method of maximum likelihood is used for estimating the unknown parameter via two real data applications. The new version is much better than other important competitive Fréchet models in modeling two real data sets.
Introduction and physical motivation A random variable (RV)
has the one parameter Fréchet (Fr) model if its probability density function (PDF) ( ( )), survival function (SF) ( − ( )), cumulative distribution function (CDF) ( ( )) and hazard rate function (HR_F) ( ( )) are given by (for respectively. The parameter > 0 control the shape of the model. In this paper we study a new Fr version using compounding technique with the discrete zero-truncated-Poisson (ZTcP) model. The probability mass function (PM_F) of the ZTcP model is given by ( = )| ( =1,2,...) = ( − ) ! ϒ ( ) . (1) where ϒ ( ) = − ( − ) + 1. If has the ZTcP model, then
and
where ( | ) is the expected-value and ( | ) is Variance of the RV W. Consider the model Burr X Fr (BXFr( , )) defined by the CDF ( , ( )) and PDF (ℎ , ( )) given by 
(3) respectively, where > 0, > 0 and > 0. Let be the failure (death) time of any subsystem from a certain system, where
Then, the conditional CDF for the RV | will be
Then, the PBX-Fr density function, can be formulated as
with the corresponding PDF
The HR_F of the new model can be calculated via
The PDF of the PBX-Fr model can be right skewed and unimodal with different shapes (see Figure 1 ) also it can be left skewed (see Table 1 ). The HR_F of the PBX-Fr model can be bathtub (the U-shape), upside-down-bathtub (upside-down-U), increasing-constantincreasing, decreasing and constant. 
Properties 2.1 Some expansions
Using
the PDF in (6) can be written as
Consider the following power series
where | | < 1 and µ > 0 is a real but non-integer. Applying (8) to
Applying the ( ) series to
Consider
.
(11)
Applying (11) to (10) then (10) becomes
which can be written as
where , = 2 1+ (−1)
and the density [2(1+ )+ ] ( ; ) is the Fr PDF with scale √ + 2(1 + ) and as a shape parameter. By the same technique, we have
where the CDF [2(1+ )+ ] ( ; ) is the the Fr CDF with scale parameter √ + 2(1 + ) and as a shape parameter and
[2(1+ )+ ] ( ; ).
Quantile function (Q_F)
The Q_F of , where ∼ PBX-Fr ( , , ), is obtained by inverting (5) as
Raw moments
The -th raw moment of , say ′ , comes from (12) as
Setting = 1 in (14) gives the mean of as
The "Bowley's skewness" is given by Numerically, the skewness of the PBX-Fr distribution can be positive and negative as well, whereas, the kurtosis of the PBX-Fr model varies in the interval (3.1, 3.9) also the mean of decreases as and increases and increases as increases, all numerical results are listed in Table 1 below. 
Incomplete moments
The -th incomplete moment ( ( )) of is
We can write from (12) ( 1 ) ).
Setting = 1 in (15) gives the 1 ( = ( )) incomplete moment of as
where ( , ) is the incomplete gamma function 
Generating function (GF)
The GF, say ( ) = ( ( )) , is obtained from (12) as 
Then, we can write ( ; ) as
Combining expressions (12) and (16), we obtain the GF of , ( ), as
Estimation
Consider a random sample (RS) from the size our PBX-Fr version. Then, the loglikelihood-function (ℓ ( , , ) ) can be expressed as ℓ ( , , ) 
and ℎ = [ ℎ /(1 − ℎ )] 2 . The likelihood method and its procedures are available in the literature.
Real data modeling
This part presents in detail two real applications of the PBX-Fr version using real observations. We will compare the obtained fit of the PBX-Fr version with the exponentiated. Fréchet. (E-Fr), Kumaraswamy. Fr (Kum-Fr) (by Mead. and Abd-Eltawab. Consider the following criteria: The −2ℓ ( , , ) ; AIC (Akaike Information Criterion); BIC (BayesianIC); CAIC (ConsistentIC); HQIC (Hannan-QuinnIC) and the total time test (TTT).
The TTT for two real data sets are presented below in Figure 5 . From Figure 5 , it concluded that the empirical HRFs of the two data is increasing (for more details see (see Aarset (1987) ).). In Tables 2 and 4 
Conclusions
In this work, a new compound version of the Fréchet model is introduced and studied in detail. Some properties related to the new version are derived as well. The method of maximum likelihood method is used to estimate the unknown parameter via two real data applications. The new model is much better than other important competitive Fréchet models in modeling two real data sets.
